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Abstract 

The  crystal structure  o f  Nb2Zr  x _ 202x + 1, x = 8, has been  

re-refined as a composite modulated structure using 
synchrotron radiation data measured at energies below 
the Zr K absorption edge. The structure comprises one- 
atom thick layers of two substructures stacked alternately 
along the b direction. The two component substructures 
are, in general, mutually incommensurable along their 
common a-axis directions and are referred to as the metal 
substructure (M), space group Amma, a e  = 5.1348 (2), 
be  = 4.9590 (2), ce  = 5.2908 (3)A, and the oxygen 
substructure (O), space group Imam, ao = 2.4164, bo = 
be = b, co = cM = c, respectively. The four basis vectors 
used to index reciprocal space, based on the more 
strongly scattering metal substructure, are a~t, b*, c* and 
qM. The primary modulation wavevector qM = a~ -- 
2a~t + b* - 1/8 a~t + b* forx = 8. The overall superspace- 
group symmetry is Amma(otlO)OsO. Two sets of intensity 
data recorded at room temperature, 8 eV (~.,, = 0.6892 A) 
and 1450 eV (~,f = 0.7492 A) below the Zr K absorption 
edge, were refined to an overall R(2n)= 0.0377 and 
R(2f) = 0.0439. The displacive modulation wave ampli- 
tudes obtained from these refinements agree well with 
those previously obtained for an x = 12 member. 
Difference Fourier maps show that metal-atom ordering 
is virtually negligible. 

1. Introduction 

Incommensurate phases can be conveniently divided into 
incommensurately modulated structures, incommensu- 
rate intergrowth compounds and quasicrystals (see, for 
example, van Smaalen, 1995). This contribution focuses 
on a particular intergrowth compound, Nb2Zrx -202~ + ~, 
x = 8. Such intergrowth compounds can exist either as a 
homologous series of discrete line plaases (as, for 
example, in the lanthanide halides Ln,,X2,, + 2: Rinck, 

1982; Makovicky & Hyde, 1992) or as wide range, non- 
stoichiometric solid solutions [as for the (1 - x)Ta2Os.- 
xWO3 system: Roth, 1981; Schmid, Withers & Thomp- 
son, 1992; or the Zr(N,O,F)x system: Schmid & Withers, 
1994]. The structures of such solid solutions have the 
ability to adapt continuously over an often extremely 
wide composition range, while maintaining the essential 
integrity of their structure type. Detailed crystallographic 
results are required across such solid solution fields in 
order to better understand the crystal chemical origin of 
this extraordinary structural flexibility. 

Just such a wide range solid solution is known to exist 
at the ZrO2-rich end of the ZrO2-Nb205 system (Roth, 
Waring, Brower & Parker, 1972). The compositional 
width of this Nb2Zrx _ 202x + ~ solid solution has been 
reported as 7.1 < x < 10.3 when synthesized via a solid- 
state reaction (Thompson, Withers, Sellar, Barlow & 
Hyde, 1990). If the synthesis is carried out via a flux 
method, however, x can be as high as 12 (Ffitterer, 
Schmid, Thompson, Withers, Ishizawa & Kishimoto, 
1995). It has previously been shown that the structures 
within this Nb2Zrx _ 2 O2x + 1 solid-solution field are best 
described as composite modulated structures rather than 
as a homologous series of closely related phases 
(Thompson et al., 1990). 

The composite modulated structure at any particular x 
value is built from one-atom thick layers of two 
substructures stacked alternately along the b direction. 
The two parent substructures (a metal-atom, or M, 
substructure and an oxygen-atom, or O, substructure) 
have identical b and c axes, but are, in general, mutually 
incommensurable along a with a relative periodicity 
given by ao = x/2x + 1 aM. Each substructure modulates 
the other with a primary modulation wavevector, which 
links the reciprocal lattices of the two parent substruc- 
tures. Characterization of such a composite modulated 
structure requires determination of each parent substruc- 
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ture together with the atomic modulation functions 
[AMF's (Withers, Thompson & Hyde, 1991)], describing 
the compositional and/or displacive deviations of atoms 
away from their average occupancies and positions in 
each underlying parent substructure arising from its 
interaction with the other parent substructure. The 
primary modulation wavevector characteristic of the 
more strongly scattering M substructure is chosen to be 
qM = [110]~ - [200]~ t = (1/x)a~t + b~t (Thompson et al., 
1990) and is stoichiometry determined. Such an 
approach allows the direct structural comparison of 
AMF's associated with quite different compositions, i.e. 
values of x. Note that occupational as well as displacive 
modulation is possible in the case of the 
N b z Z r x  _ 2 0 2 x  + 1 system. 

A previously reported structure for the x = 10 member 
of the closely related TazZrx _ 2Oz~ + ~ solid solution field 
(Fig. 30 of Makovicky & Hyde, 1981) showed Ta/Zr 
ordering and suggests that metal ordering should also 
occur in the case of the NbzZrx -20zx  + 1 system. A 
recent composite modulated structure refinement 
(Fiitterer et al., 1995) of the x = 12 member of the 
Nb2Zrx _ 202x + 1 solid solution, however, found no 
evidence for such metal-atom ordering, despite the 
measurement of intensity data at an appropriately chosen 
synchrotron radiation wavelength in order to enhance the 
Zr/Nb scattering contrast. The high Zr:Nb ratio of 5:1 for 
x = 12 made any such ordering difficult to detect. One 
aim of the present investigation of the x = 8 member of 
the solid solution field (Zr:Nb ratio of 3:1) was to search 
for metal ordering at a composition where any such 
ordering should be more easily detected. A further aim 
was to investigate whether the refined AMF's (describing 
the structural deviation from the underlying parent 
substructures), are essentially the same across the whole 
solid solution field, i.e. to investigate whether all 
occurring structures can be regarded as being equivalent 
from the 'higher-dimensional' viewpoint of a composite 
crystal. This has previously been shown to be the case for 
several systems [e.g. (1 - x)Ta2Os.xWO3 (Schmid, 
Thompson, Rae, Butler, Withers, Ishizawa & Kishimoto, 
1995) and Zr(N,O,F)x (Schmid & Withers, 1996)]. 

The x = 8 member of the Nb2Zrx _ 2 0 2 x  + 1 solid 
solution with a primary modulation wavevector given by 
qM = 1/8 a~t + b~t has previously been refined as a 
conventional eight times aM superstructure (Galy & Roth, 
1973). As the composition-dependent component of the 
wavevector equals 1/8 exactly within experimental error, 
a question arises as to whether the phase is best described 
as commensurate or incommensurately modulated. 
Whereas theoretically a formal difference can be made 
between commensurate and incommensurate modulation, 
there is no sharp border from an empirical point of view. 
A continuous change of wavevector with temperature or, 
as in our case, composition has often been taken as one 
of the few definite signs of the incommensurate character 
of a structure (Prrez-Mato, Madariaga, ZOfiiga & Garcia 

Arribas, 1987). A further indication has been whether or 
not all possible higher-order satellite reflections occur 
(Prrez-Mato, 1991). In the x = 12 case (Fiitterer et al., 
1995) satellite reflections up to fourth order (metal 
subsystem) have been observed. For the present x = 8 
member this leads to overlap between satellite reflections, 
e.g. G + 4q = G' - 4q, resulting in an apparent 
commensurateness of the structure (Prrez-Mato et al., 
1987). This commensurateness formally destroys the 
uniqueness of both the superspace-group assignment as 
well as the definition of the primary modulation 
wavevector (Withers et al., 1991; Prrez-Mato et al., 
1987). A final aim of the present investigation therefore 
was to consider carefully all refinement options and 
examine whether the x = 8 structure is equally well 
described as a commensurate or an incommensurate 
intergrowth compound. 

2. Experimental 

2.1. Synthesis 

Single crystals ofNb2Zrx _ 202~ + 1 (x = 8) were grown 
by heating a mechanically mixed 5:1 mixture of ZrO2 and 
Nb205 at 1763 K for 2 d in a sealed platinum tube. The 
reaction product was cooled quickly to room tempera- 
ture. Clear, pale yellow prismatic single crystals of 
Nb2Zrx _ 202~ + 1 with x = 8 were obtained via this route. 
Quantitative energy dispersive X-ray spectroscopic 
analysis using a scanning electron microscope (SEM; 
Jeol 6400) showed that the composition of the crystals 
was exactly in a ratio of 3:1 for Zr:Nb (standards used: 
Zr; Ta205). The crystal chosen for intensity measure- 
ments approximated a square prism of dimensions 12 x 
10 x 6/zm 3 (= 7.2 x 102 #m3). In principle, crystals can 
be grown at any value ofx within the solid solution field. 
Limitations imposed by the data collection software, 
however, require x to be a relatively simple rational or 
integer value. 

2.2. Intensity measurement  

Preliminary tests of crystal quality - magnitude of the 
wavevector qM and reflection profiles - were performed 
on a Rigaku AFC-6R four-circle diffractometer with 
rotating Cu anode. The crystals were mounted on tapered 
glass fibres with the diameter of the fibre ends being of 
approximately the same size as the crystals. 

The intensity data measurement was carried out using 
the four-circle diffractometer at BL-14A of the Photon 
Factory, Tsukuba (Satow & Iitaka, 1989). Synchrotron 
radiation from a vertical wiggler was monochromated by 
a S i ( l l l )  double crystal monochromator and focused 
using a curved mirror. The polarization ratio, i.e. the 
fraction of the total incident beam intensity with its 
electrical vector vertical, is 0.95. In order to determine 
precisely the location of the Zr K absorption edge prior to 
intensity data collection, a near-edge absorption spec- 



SIEGBERT SCHMID et al. 853 

Diffractometer 
Radiation (A) 
Energy difference to Zr K 

edge (eV) 
Monochromator 
Af', Af", Zr -7.037 

Nb -2.414 
O 0.010 

Scan mode 
Scan speed (° min -I) 8 
Data collection limits in 20, hklm I _< 20 _< 68 ° 

- 8 < h < 8  
-10 < k <  11 
- 8 < / < 0  
-4_<m_<4 

Table 1. Important  parameters  

Single detector, four-circle diffractometer at vertical wiggler port BL-14A, Photon Factory 
~., = 0.6892 (4) )~f = 0.7492 (4) 
8 1450 

Si(lll) double crystal monochrom~or 
0.529 -2.053 0.616 
0.588 -1.658 0.684 
0.006 0.012 0.007 

20/o9 scans, Aw = 0.5 ° 
16 
1 < 20 _< 70 ° 
- 8 < h < 8  
-10 < k <  11 
- 8 < / < 0  
-4_<m_<4 

No. of measured reflections 
Standard reflections 
Lattice parameters (A) 
Modulation wavevector 
Lp correction 
Absorption correction/coefficient No/6.41 
(mm-') 
No. of reflections/unique/Rint (%), I >_ 3~(/) 
All 1607 
m = 0 632 
m = 1 473 
m = 2 423 
m = 3 57 
m = 4 22 

4659; unique: 1239; unique and I > 3a(/): 575 9208; unique: 1157; unique and I > 3or(/): 623 
9 reflections, measured after every 200 refections 

41.0783 (16) = 8 x 5.1348, 4.9590 (2), 5.2908 (3) determined from 24 reflections, 33< 20 < 48 °, at ~, 
qM = 1/8 a~t + b* 

Xtal3.2 (Hall, Flack & Stewart, 1992) 
No/8.12 

575 2.99 1725 623 3.26 
193 1.37 616 187 2.09 
159 4.27 515 159 4.21 
152 5.42 474 175 4.58 
49 13.76 100 72 10.78 
22 9.66 20 30 7.92 

trum of  ZrO2 powder was recorded. The location of  the 
Zr absorption edge was used to calibrate the mono- 
chromator angles with respect to the absolute incident 
energy. The precision o f  this value is limited by the width 
of  the absorption edge, which spans several eV in our 
experimental data. The edge was defined as the 
monochromator  position that corresponded to the point 
where absorption had risen half-way to its far-edge value. 
All other settings of  the incident X-ray energy were 
defined relative to this value. Decay of  the incident beam 
and spontaneous fluctuations were monitored with an ion 
chamber to enable normalization of  the raw counts. There 
was no significant change in intensity once the data had 
been corrected for the variation o f  the incident beam 
resulting from decay o f  the synchrotron ring current. 

Intensity data were recorded at two wavelengths, 1450 
and 8 eV, below the Zr K absorption edge. The relevant 
parameters for the data collection are given in Table 1. To 
improve counting statistics on the weaker reflections, 
scans were repeated when a ( F ) / F  was larger than 0.01, 
a(F)  being calculated from counting statistics only. The 
maximum number  of  scans was 3. The data were 
corrected for Lorentz and polarization effects. Symme- 
try-equivalent reflections were averaged in the Laue 
group m m m  (see Table 1). 

3. S y m m e t r y  

The superspace-group symmetry at a general composi- 
tion within the solid solution was previously derived 

(Withers et al., 1991) via a combination of  electron 
diffraction and a modulation wave approach based on the 
structure refinement of  Nb2Zr6O17 (Galy & Roth, 1973). 
Note, however, that the choice of  primary modulation 
wavevector and indeed assignment o f  the superspace 
group is no longer formally unique if  the primary 
modulation wavevector is commensurable with respect to 
the underlying substructures, as in the present x = 8 case 
(Withers et al., 1991; Prrez-Mato et al., 1987). The 
previously observed continuous compositional flexibility 
of  the solid solution (Thompson et al., 1990) nonetheless 
justifies treating the x = 8 member analogously to any 
other member. Relevant details as regards the conse- 
quences of  superspace-group symmetry were given by 
Fiitterer et al. (1995) and the following provides a 
summary o f  important details, including origin choice 
and settings. 

(i) The Nb2Zr x _ 202x + i solid solution can be 
regarded as a (3 + 1)-dimensional composite modulated 
structure, consisting o f  two subsystems - a metal-ion, or 
M, subsystem and an oxygen-ion, or O, subsystem. The 
lattice parameters for x = 8 are given in Table 1. 

(ii) The primary modulation wavevector o f  the metal 
subsystem is defined as qM = [110]~ - [200]]¢ = a~ - 
2a~  + b* = (1/x)a~ + b* [= (1/8)a,~ + b* in the present 
case], whereas the primary modulation wavevector o f  the 
oxygen subsystem is defined as qo  = ale = (8/17) a~ (in 
the present case). 

(iii) All reflections are indexed with respect to the 
more strongly scattering M substructure, i.e. the four 
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Table 3. Coordinates and displacive Fourier terms 

Label of Ref. N2 N5 
Zr, Nb 1/4, 0, z 0.21134 (6) 0.21129 (6) 
ex(2q), ex(4q) 0.02496 (8) 0.0037 (2) 0.0248 (1) 
ey(q), ey(3q) 0.01801 (8) 0.0071 (2) 0.01795 (8) 
ez(2q), ez(4q) -0.0023 (1) -0.0046 (3) -0.0023 (1) 

O 1/4, y, 1/2 0.2726 (3) 0.2726 (3) 
ex(2q), ex(4q) -0.1733 (9) 0.036 (1) -0.1734 (9) 
ex(6q), e~(8q) -0.010 (1) 0.012 (1) -0.010 (1) 
ey(2q), ey(4q) -0.0838 (4) -0.0015 (6) -0.0838 (4) 
ey(6q), ey(8q) 0.0068 (7) 0.0091 (7) 0.0065 (7) 
ez(q), ez(3q) -0.1344 (5) 0.0181 (6) -0.1342 (5) 
ez(5q), e~(7q) 0.0146 (7) 0.0059 (8) 0.0151 (6) 

F2 
0.21171 (7) 

0.0021 (3) 0.02506 (9) 0.0047 (2) 
0.0067 (2) 0.01792 (9) 0.0063 (2) 

-0.0045 (3) -0.0020 (1) -0.0036 (4) 

0.2732 (5) 
0.037 (1) -0.174 (1) 0.037 (1) 
0.012 (1) -0.011 (2) 0.011 (2) 
0.0011 (6) -0.0831 (6) 0.0014 (8) 
0.0085 (7) 0.0068 (9) 0.007 (1) 
0.0183 (6) -0.1356 (7) 0.0178 (8) 
0.0059 (8) 0.0137 (9) 0.005 (1) 

basis vectors used to index reciprocal space are a~, b*, 
c* and qM. The matrix W (see van Smaalen, 1991), 
transforming the metal-ion subsystem into the oxygen- 
ion subsystem, is given by 011 0 1 0 0 

W =  0 0 1 0 ' 

1 0 0 0 

with (a*, b*, c*, q)o -- (a*, b*, c*, q)M wT, 

where W r is the transposed matrix. Thus, (hklm)M = (m, 
k + m, l, h - 2m)o, i.e. an mth-order satellite reflection of 
the M substructure is a (h - 2m)th-order satellite 
reflection of the O substructure. 

(iv) The extinction conditions characteristic of the 
solid solution are given by F(hklm) = 0 unless k + l = 2n, 
F(hkOm) = 0 unless h = 2n and F(hkl,-k)  = 0 unless k = 
2n. The corresponding implied superspace-symmetry 
operations are {E 110,1/2,1/2, 0}, {az 1[ 1/2, 0, 0, 0} and 
{cry 11 0, 0, 0, 1/2 - 2y}, respectively. The (3 + 1)- 
dimensional superspace group for the metal-ion sub- 
system and, by definition, for the whole crystal is Amma 
(1/x, 1, 0)0s0 using the notation of Janssen, Janner, 
Looijenga-Vos & de Wolff (1992), while that for the 
oxygen subsystem is Imam (x/(2x + 1), 0, 0)00s, which 
can be related to the symmetry operators o fAmma (1/x, 
1, 0)0s0 via application of the W matrix. 

(v) The superspace symmetry operation {il I 0, 0, 0, 
23 } fixes the origin in the fourth dimension. With respect 
to this origin, the M sites (Zr/Nb; site symmetry mm2) of 
the average M substructure occur at rM + TM = (1/4)aM + 
0bM + ZC, + TM (with z "" 0.21), while the O sites of the 
average O substructure occur at ro + To = (1/4 + 3)ao + 
ybo + 1/2Co + To (with y "- 0.27). Here TM and To are 
Bravais lattice vectors of the respective parent substruc- 
tures. Note that the global phase parameter 3 fixes the 
relative positioning along the a direction of the M and O 
substructures at the origin. For the incommensurate 
refinement 3 was zero. 

(vi) The symmetry allowed displacive AMF's are given 
by 

and 

U M = aM{ex(2qM)sin(4zC[qM.(T M + rM) - 3]) 

+ ex(4qM)sin(8zr[qM.(TM + rM) -- 31) + ..} 

+ b{ey(qM)sin(2rr[qM.(TM + rM) -- 3]) 

+ ey(3qM)sin(6zr[qM.(Tu + rM) -- 3]) + ..} 

+ C{ez(2qM)COS(4rr[qM.(TM + rM) -- 6]) 

+ ez(4qM)COS(8Zr[qM.(TM + rM) -- 6]) + ..} 

Uo = ao{Ex(2qo)sin(4zr[qo.(To + ro)]) 
+ ex(4qo)sin(8zr[qo.(To + ro)]) + ..} 

+ b{ey(2qo)cos(4zr[qo.(To + ro)]) 

+ ey(4qo)cos(8zc[qo.(T o + ro)]) + ..} 

+ e{ez(qo)sin(2Jr[qo.(To + ro)]) 

+ G(3qo)sin(6rC[qo.(To + ro)]) + ..}, 

where the T's are Bravais lattice vectors of the respective 
M and O substructures. Satellite reflections up to fourth 
order were taken into account for the refinement (see 
Tables 2 and 3). The satellite order for any reflection of a 
composite structure depends upon the particular parent 
substructure to which it is indexed. Satellite order 
therefore refers to the minimum possible value with 
respect to any of the substructures. Fourier terms up to 
fourth (metal substructure) and eighth order (oxygen 
substructure) were included in the above displacive 
AMF's. The final position of the atom /x at the parent 
substructure position r u + T is thus given by ru + T + 
U ,(r~, + T), where ru is the average position in the 
asymmetric unit and T a Bravais lattice vector of the 
respective parent substructure. 

(vii) Occupational modulation of the metal-atom sites 
is only allowed for even-order cosine terms as follows 

Pzr(TM + rM) = Pzr + PZr(2qM)COS(4Yr[qM.(TM + rM) 

-- 3]) + PZr(4qM)COS(8zr[qM.(TM + rM) 

- 3 ] ) . .  

with the occupational modulation of Nb fixed by the 
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relation P ~  + e z r  = 1 and average terms set to PNb = 1/4 
and Pzr  = 3/4 (see §2.1). 

(viii) The commensurate modulated structure as well 
as eight-times superstructure refinements were also tried. 
Given a commensurate primary modulation wavevector 
and a particular superspace-group symmetry, the corre- 
sponding three-dimensional space-group symmetry de- 
pends upon the choice made for the global phase 
parameter 8 (see Yamamoto & Nakazawa, 1982; Wiegers, 
Meetsma, Haange, van Smaalen, de Boer, Meerschaut, 
Rabu & Rouxel, 1990). For mutually incommensurable 
substructures all possible relative positionings occur at 
some point in the crystal and hence the choice of 8 can be 
freely made. However, when ao/aM = 8/17 exactly, as in 
the present case, the resulting three-dimensional (super- 
cell) space group is determined by this choice of 8. The 
allowed three-dimensional space groups can be derived 
from the above superspace-group symmetry and are 
given in the present case by I12/al (for 8 = 2n/32, n an 
integer), Ima2 (for 8 = (2n + 1)/32) and I1 a 1 (otherwise). 

4. Structure refinements 

The modulated structure refinements were carried out 
using the software package JANA96 (Peti'itek, 1996). 
Scattering factors for neutral atoms were taken from 
International Tables for X-ray Crystallography (1974, 
Vol. IV). The dispersion corrections Af '  and Af" for Zr 
and Nb were calculated using the computer program 
FPRIME of Cromer & Liberman (1981). Corrections to 
the relativistic part of the anomalous scattering factors 
were made following Kissel & Pratt (1990). Unmerged 
data sets were used for all refinements.t 

Initially the refinements were carried out assuming q to 
be incommensurate, i.e. assuming all reflections could be 
uniquely indexed. Starting values for the Fourier 5.2 
coefficients of the displacive terms were taken from the 
recent structure refinement of the x = 12 member 5 -  
(Ffitterer et aL, 1995). The signs of the dominant Fourier 
coefficients were systematically varied and the sign 4.8 
combination corresponding to the true minimum was 
marked by a distinct drop of the residual values. This 4.6 
systematic approach was necessary as it was quite 4.4 
possible to arrive at a false minimum which then 
prevented the refinement from reaching the true mini- ~ 4.2 
mum on addition of further refineable parameters. The 
less dominant parameters were then released, setting the 4 
starting values to 4- 0.0001. The refinement converged to 3.8 
the same minimum when parameters of increasing 
harmonic order were released successively. Apart from 3.6- 
the parameters of the basic structure, displacive Fourier 
terms up to fourth order for the metal substructure and up 3.4 

t A list of structure factors has been deposited with the IUCr 
(Reference: BR0063). Copies may be obtained through The Managing 
Editor, International Union of Crystallography, 5 Abbey Square, 
Chester CH1 2HU, England. 

Table 4. Displacement parameters 

Label of  Ref. N2 N5 F2 
Zr, Nb 
U ~ 0.0068 (1) 0.0065 (1) 0.0069 (1) 
U 22 0.0042 (1) 0.0038 (1) 0.0045 (1) 
/_/33 0.0088 (2) 0.0084 (1) 0.0080 (1) 

0 
U II 0.0098 (7) 0.0090 (7) 0.011 (1) 
U 22 0.0116(8) 0.0112(7) 0.012(1) 
U 33 0.0112(9) 0.0111 (8) 0.009(1) 

to eighth order for the oxygen substructure were taken 
into account (see Table 3). Thermal parameter modula- 
tion was considered, but found to be unnecessary (see 
Table 4). The scale factor was refined simultaneously 
with the other parameters. Refinement was in F with 
weights as given in Table 2. 

The intensity data set recorded 8 eV below the Zr K 
absorption edge (~.,,) was used to investigate the existence 
of metal ordering in Nb2Zrx _ 202~ + ~. The average metal 
site occupancy was set to be 0.75:0.25 (Zr:Nb), as 
established by compositional analysis using quantitative 
energy dispersive X-ray spectroscopy (see §2.1). Metal 
ordering was taken into account by allowing for 
occupational modulation of the metal site. 

Refinement as a commensurately modulated structure 
was also investigated using an eight-times aM super- 
structure with the value for the global phase, i.e. 8, 
chosen from 0 to 1/8 in steps of 1/32. Symmetry 
elements were chosen such that the symmetry elements 
of the superspace group that are not symmetry elements 
for the resultant three-dimensional space group are still 
used to constrain parameters in a sensible way. The 
results of these refinements showed that a choice for the 
global phase of 8 = (2n + 1)/32 gave significantly lower R 
values than 8 = 2n/32. Values of 8 between these two 

0 1/32 2/32 3/32 0.125 

Ima2 l12/al lma2 6 
Fig. 1. Plot of R values versus 8 for refinements as commensurately 

modulated structures 0-,; solid line). The dotted line represents the R 
value for the i.c./overlap (N2) refinement. 
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extremes gave intermediate R values (see Fig. 1). Note, 
however, that the R values for the incommensurate 
refinement and for the 6 = (2n + 1)/32 commensurately 
modulated structure refinement were virtually the same 
(see Fig. 1). 

5. Results and discussion 

5.1. General  remarks  

Consider a general reflection at (h + m/8)a~t + (k + 
m)b* + lc*. In four-index notation this reflection can be 
indexed as hklm,  but equally validly as h + 1, k + 8, l, 
m - 8 or h - 1, k - 8, l, m + 8 etc. The unique 
indexation assumption underpinning the incommensurate 
structure refinement does not allow more than one such 
structure-factor contribution to any particular reflection 
and hence requires a criterion to choose between such 
alternative possible indexations. For most modulated 
structures and certainly for Nb2Zrx _ 2 0 2 x  + 1 (see Table 
3), modulation wave amplitudes diminish sharply with 
increasing harmonic order so that the strongest contribu- 
tion to any particular reflection is most likely to arise 
from the contribution of lowest harmonic order, i.e. 
lowest Irnl. The criterion used to select an appropriate 
indexation for the incommensurate structure refinement 
was therefore to ask which of ]m] or Im - 8] was the 
smaller and to use the corresponding indexation. 
(Obviously a problem arises for the 22 observed 
reflections with m = 4!.) Applying the W matrix to these 
indices does not necessarily generate the lowest possible 
satellite order with respect to the oxygen substructure. 
The sensitivity of the commensurately modulated 
structure refinements to the value of the global phase 6 
(see Fig. 1) demonstrates clearly that overlap occurs and 
that the unique indexation assumption underpinning the 
incommensurate structure refinement is not valid, i.e. in 
order to calculate intensities correctly contributions must 
be included for at least the two lowest-order distinct 
indexations, e.g. for h k l m  as well as for h + 1, k + 8, l, 
m - 8 [see equation (6) of P6rez-Mato, 1991]. The 
question then becomes what is the phase relationship 
between the two lowest-order structure-factor contribu- 
tions? 

In the i.c./overlap refinement (see Table 2) these two 
lowest-order structure-factor contributions, A(hklm)  and 
B(h + 1, k + 8, l, m - 8) say, are automatically presumed 
to be orthogonal to each other, so that the calculated 
intensity is I = IA[ 2 + [B[ 2. In the case of the 
commensurate modulated structure refinements this 
relative phase is determined by the choice of global 
phase 6 so that the calculated intensity is [A[ 2 + [B[ 2 + 
2[AI[Blcos (2zr.86), in the absence of anomalous disper- 
sion. For 6 = (2n + 1)/32, I therefore equals [A[2+ [B[ 2, 
explaining the similarity of the refinement statisitics for 
the i.e./overlap and 6 = (2n + 1)/32 commensurate 
structure refinements. In the case of the incommensurate 
structure refinement a unique indexation is forced by the 

above criterion so that I is [,4[ 2. The similarity of the 
incommensurate structure refinement statistics to those 
for the i.c./overlap and 8 = (2n + 1)/32 commensurate 
structure refinements suggests that the magnitude of the 
second structure-factor contribution B(h + 1, k + 8, l, m - 
8) must be rather small. Its effect is noticeable, however, 
particularly in the refinement statistics for the m = 4 
satellite reflections (see Table 2). These satellite reflec- 
tions are most likely to be affected by overlap, i.e. from 
G + 4q~t and G' - 4q~t falling on top of  each other. 

While there is no apparent conclusion from this 
discussion as to the best description of the x = 8 
structure, the linear relationship between q and x over the 
compositional range investigated by Thompson et al. 
(1990) together with an equally good fit for the i.c./ 
overlap refinement are clearly in favour of incommensu- 
rateness. The following discussion is therefore based on 
the incommensurate model. 

5.2. Ref inement  statistics 

Final agreement indices of the refinements labelled 
N1-N6 ()~,,) and F1-F4 (~.f) are given in Table 2. 
Resulting parameters of the three refinements N2, N5 and 
F2 are given in Tables 3 and 4. 

5.3. The atomic  modulat ion func t ions  

The refined M and O substructure displacive AMF's 
are shown in Figs. 2(a) and (b) as a function of tM = 
(qM.TM -- 6) and to -- qo.(To + 6ao), respectively. The 
metal-atom shifts away from their average positions are 
quite small - less than 0.15 A along any basis vector 
direction. The a-axis shifts are almost perfectly sinusoi- 
dal, whereas those along the b axis are more square- 
wave-like in appearance. The e-axis shifts are virtually 
negligible. Absolute displacements in the O substructure 
are much larger - a maximum shift of "--0.75 A in the c. 
direction and displacement amplitudes of "-,0.45 A in 
both the a and b directions. The O substructure shifts 
along any basis vector direction are approximately 
sinusoidal. The curves for the previously refined member 
x = 12 (Fiitterer et al., 1995) are shown as well. Note that 
some of these curves were wrong in the original paper, 
due to an unfortunate error in the plot program. The 
small difference between corresponding curves for the 
oxygen substructure is due to the differing number of 
Fourier coefficients that have been included in the 
refinements. 

A comparison of the Fourier coeffÉcients for the 
present refinement (Table 3) with those of previous 
refinements (see Table 5, Fiitterer et al., 1995) is very 
instructive. These values reveal a remarkable similarity. 
The displacement patterns away from the underlying 
parent substructures not only have the same symmetry, 
but the series coefficients have the same signs and even 
their magnitudes are almost the same. It can therefore be 
concluded that the composite crystal structures of the 
solid solution members x = 8 (present study; Galy & 
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Roth,  1973) and x = 12 (Ffitterer et aL, 1995) o f  
NbzZrx _ 202~ + i are equivalent ,  not  on ly  wi th  respect  to 
their  symmetry ,  but  also wi th  respect  to their  d isplacive  
AMF's .  Thus,  it appears that in these terms all crystal  
s tructures occurr ing  in the solid solut ion are equivalent ,  
except  for the magn i tude  o f  the wavevector.  

5.4. The coordination sphere 

Fig. 3(a)  shows a plot  o f  m e t a l - o x y g e n  dis tances  
versus tM. Solid l ines cor respond  to the dis tance var ia t ion 
o f  a specific meta l - -oxygen pair  wi th  tat. Due to the 
model  o f  two in terpenet ra t ing  and inutual ly  i ncommen-  
surable substructures,  the relat ive or igin  o f  wh ich  
changes  cont inuously,  the dis tance be tween  a specific 
m e t a l - o x y g e n  pair  goes f rom inf ini ty  to a m i n i m u m  
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Fig. 2. Final refined metal- and O-atom displacive atomic modulation 
functions plotted in absolute coordinates as a function of (a) 
tM = (qM.TM--3) and (b) to =qo. (To +rao),  respectively. 
Thick lines for x = 8, thin dotted lines for x = 12. 

value and again to infinity for tM going from - o o  to +oo. 
Stacking all relevant metal-oxygen pairs in the coordina- 
tion sphere of  Zr allows one to follow the variation of the 
metal coordination number with tM. Distances up to 
--,2.3 A result in a coordination number of the metal atom 
from 6 to 8. Points in the plot, where curve intersections 
are situated at the same tM, correspond to special sites in 
a superstructure description. These points occur at tM = 
7/32, 15/32, 23/32 and 31/32. Dashed lines represent 
distances in the average structure. It is readily seen that 
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Fig. 3. (a) Variation in the metal coordination sphere as a function of 

tM = (qM.TM -- 8). Each curve represents the distance between a 
specific metal-oxygen pair (solid lines: modulated structure; dashed 
lines: average structure). (b) Variation in the oxygen coordination 
sphere as a function of to = qo.(To + ~ao). Each curve represents the 
distance between a specific oxygen-metal pair (solid lines: 
modulated structure; dashed lines: average structure). 
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one reason for the modulation is to avoid the minimum 
distance of  1.6 A that occurs in the average structure. Fig. 
3(b) shows the same type of  plot for the oxygen as a 
central atom as a function of  to. 

Fig. 4(a) shows part of  the structure projected along e. 
The modulation direction is a, whereas alternate layers of  
metal and oxygen substructure are stacked along b. The 
sinusoidal b-axis O-atom shifts are clearly visible; the 
metals hardly move in this projection. The cell outlined 
corresponds to the repeat of  a commensurate modulated 
structure or an eight-times aM superstructure. Fig. 4(b) 
shows the same section in projection along b restricting y 
to 0 < y < 0.5 for clarity. The evolution of  the oxygen 
array as a function of  the x coordinate is apparent. The 
oxygen shifts in this projection are rather large and not as 
smooth as all other displacements. 

The non-bonded oxygen-oxygen interaction is as- 
sumed to be a limiting factor for the Nb2Os-rich end of  
the solid solution, as the increase of  the oxygen:metal 
ratio would eventually be limited by increasing oxygen-  
oxygen repulsion. This assumption is apparently sup- 
ported by the rapidly decreasing a lattice parameter of  the 
O substructure with decreasing x [ao(x = 12) = 2.452/~, 
ao (x = 8) = 2.417 A]. However, considering the O - - O  
distances forx  = 8 (see Fig. 5) and x = 12 (Fiitterer et al., 
1995), it turns out that at least the minimum O - - O  
distance is not primarily affected by x, but is found to be 
essentially the same, i.e. "~ 2.5 A, for both compositions. 

5.5. Metal  ordering 

Zr and Nb are neighbouring elements, which renders 
the detection of  metal ordering difficult. Measuring 
intensity data at i f =  0.7495 A and Zn = 0.6892 A, AE = 
1450 and AE = 8 eV from the Zr K absorption edge, 
respectively, increases the relative difference of  the 
atomic scattering factors of  Zr and Nb from ~-, 3 to 
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Fig. 4. (a) Projection of part of the structure ofNb2Zrx _ zO2x + 1, X = 8 ,  

along e for 0 < z < 1; b up the page, a to the right. Metal sites are 
shown as filled circles, oxygen sites are shown as open circles. 
(b) Projection of part of the structure of Nb2Zrx _ 2Oz~ + i, x = 8, 
along b for 0 _< y _< 0.5 (for clarity); e up the page, a to the right. 
Metal sites are shown as filled circles, oxygen sites are shown as 
open circles. 

16%. This enhanced contrast should then allow the 
detection of  Zr and Nb ordering more easily. The 
susceptibility of  the data sets to composition has been 
tested by refining the average occupation. The data set 
measured at i f  does not allow any sensible refinement, 
whereas the other data set converges to the correct 
composition, independent of  the starting values. The 
refinements N2 and N5 differ in that the former assumes 
a statistical distribution of  the metal ions, i.e. no 
substitutional modulation of  Zr and Nb, whereas the 
latter allowed a substitutional modulation. The slightly 
better residual values of  N5 compared with N2 (the 
differences range from a few tenths of  a per cent up to 

6% for the fourth-order satellite reflections; see Table 
2a) seem to suggest the presence of  metal ordering. The 
resulting values of  the corresponding Fourier coeffi- 
cients, describing such substitutional modialation, are 
PNb(2q) = 0.059 (7) and PNb(4q) = 0.05 (2). However, 
these values are quite small and it was therefore 
concluded that if  there is a small deviation from random 
distribution it was not refineable in this way. Difference- 
Fourier maps show some small features, mainly caused 
by the higher-order satellites. The maps for both 
wavelengths, however, look almost the same, suggesting 
that metal ordering is not present. 

Apparent valences (AV's: Brown & Altermatt, 1985; 
Brese & O'Keeffe, 1991) were calculated for metal and O 
atoms in the modulated structure using the program 
G R A P H T  within the JANA96  package (PetN6ek, 1996). 
R °. = 1.931 was used, reflecting the average metal site 
occupancy. The resulting AV's gave no indication of  
metal ordering. The mean AV for the metal sites is 
<AVM> = 4.25 -1- 0.15. For the O atoms one finds 
<AVo> = 2.0 -I- 0.04. The AV's for the metal site are 
very close to the expected value for a random distribution 
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Fig. 5. Oxygen-oxygen distances as a function of to = qo.(To + ~ao) 
(solid lines: modulated structure; dashed lines: average structure). 
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of metal atoms, i.e. 4.25. AV's for Nb2Zr6017 were 
calculated by FiJtterer et aL (1995) on the basis of 
coordinates reported by Galy & Roth (1973). A larger 
scattering of AV's around the mean value was observed, 
i.e. <AVM> = 4.416 4- 0.254 and Amax = 0.332, 
<AVo> = 2.076 4- 0.061, A m a  x = 0.108. However, AV's 
based on the Fourier decomposition of Withers et al. 
(1991), omitting terms of higher order than fourth, 
substantially reduced the range of AV's whilst the average 
value remained the same within a standard deviation, i.e. 
<AVM> = 4.401 4- 0.013. 

Therefore, calculation of AV's as, well as the refine- 
ment results themselves strongly suggest that there is no 
long-range metal ordering. 

6. Conclusion 

Composite modulated structure refinements at opposite 
ends of the wide-range non-stoichimetric 
NbzZrx _ 202~ + i (7.1 < x < 12) solid-solution field 
have been shown to have essentially the same Fourier 
amplitudes and phases, despite the large change in 
composition. Long-range metal ordering has been shown 
to be negligible and seems to be of minor importance for 
the understanding of the crystal structure. 
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